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ON THE GENERALISATION OF COHOMOLOGY WITH COMPACT
SUPPORT TO NON-FINITE TYPE SCHEMES
PAUL HAMACHER
ABSTRACT. In this article we extend Deligne’s construction of Grothendieck’s
six operations on the derived category of torsion sheaves over the e´tale site of a
scheme for morphisms of finite type to a larger class of morphisms. This class in-
cludes profinite e´tale coverings as well as separated morphisms perfectly of finite
type
INTRODUCTION
In the recent years there has been a trend in arithmetic algebraic geometry to
work directly with geometric objects which are not of finite type. The most pop-
ular example of this are Scholze’s perfectoid spaces, which form a family of “infi-
nite” objects such that any analytic adic space over Zp has a proe´tale cover which
is a perfectoid space. The most important instances of perfectoid spaces, from
the view of the Langlands program, are (adic) infinite level Shimura varieties and
their local analogues. For schemes this developement has taken place on a smaller
scale; examples are the work about perfect schemes with application to the affine
flag variety of Bhatt and Scholze ([BS17]), as well as their work on proe´tale mor-
phisms ([BS15]).
While we have a definition of cohomology of e´tale cohomology with compact
support for any adic space by Huber’s work [Hub96], we can only define the e´tale
cohomology group with compact support of a scheme (or more generally the di-
rect image with compact support of a morphism) if it is of finite type. The aim of
this paper is to extend the definition to a larger class of morphisms which we will
call of finite expansion. This class will as include profinite e´tale coverings as well
as perfections.
Our construction follows the general framework of Deligne in [SGA4.3]. Given
a compactification of a separated morphism of finite extension, that is a a decom-
position f = p ◦ j with j an open immersion and p separated universally closed,
we define the higher direct image of compact support of f as
R f! := Rp∗ ◦ j!.
Imposing some mild conditions on the source and target of f , this functor is well-
defined. More precisely, we prove the following results.
Theorem. Let S be a scheme andA be a torsion sheaf on the e´tale site of S. Let (S) denote
the category whose objects are qcqs schemes over S and whose morphisms are separated
morphism of schemes of finite expansion.
(1) There is an essentially unique way to assign to every morphism f : X → Y a functor
R f! : D(X,AX) → D(Y,AY) such that R f! = R f∗ if f is universally closed, R f! =
f! if f is an open immersion and such there is a collection of isomorphismsR( f ◦ g)! ∼=
R f! ◦ Rg! satisfying the usual cocycle condition (see Theorem 2.3 for details).
(2) The functor R f! has a partial right adjoint R f
! : D+(Y,AY) → D
+(X,AX). The
formalism of Grothendieck’s six operations for morphisms of finite type extends to
(S) (see sections 2.2 and 2.3 for details).
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For separated C-schemes of finite expansion the above notion of R f! coincides
with the topological direct image functor with proper support. More precisely, the
following generalisation of Artin’s comparison theorem holds.
Theorem. Let f : X → Y be a morphism of separated C-schemes of finite expansion,
F ∈ D+tors(X,ZX) and denote by (−)an the analytification functor. Then there exists a
natural isomorphism (R f!F )an ∼= R fan,!Fan (see section 3.2 for details).
We give a brief outline of the article. In sections 1.1 and 1.2, we define mor-
phisms of finite expansion and prove some of their properties; in particular we
show that any separated morphism of finite expansion can be written as the com-
position of an open embedding and a universally closed morphism. In section 1.3,
we prove that the proper base change theorem extends to the case of separated
universally closed morphisms, which is the main ingredient for the proof that R f!
does not depend on the choice of compactification. Then we use Deligne’s formal
construction from [SGA4.3, Exp. XVII, § 5] to put the pieces together and prove
the well-definedness of R f! in section 2.1. The formalism of Grothendieck’s six
operations can now deduced by the same arguments as in [SGA4.3, Exp. XVII,
XVIII]. We give brief sketch of the proofs in sections 2.2 and 2.3 to convince the
reader that Deligne’s proofs still apply. We then show in section 3.1 that our defi-
nition coincides with the ad-hoc definitions used so far in the literature. Finally, in
section 3.2 we recall the analytification functor for complex schemes (which may
not be of finite type) and extend Artin’s comparison theorem for compact support
cohomology to complex schemes of finite expansion.
Acknowledgements: I am very grateful to Daniel Harrer for his helpful re-
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1. MORPHISMS OF FINITE EXPANSION
In this section we introduce morphisms of finite expansion, which can be seen
as relaxing the finiteness conditions of morphisms of finite type a bit. Building
upon the analogous results for morphisms of finite type, we prove under a mild
condition that they are compactifiable, i.e. can be written as a composition of an
open immersion and a universally closed separated morphism and study the be-
haviour of e´tale cohomology with respect to morphisms of finite expansion.
1.1. Basic definitions and properties. The key definition is:
Definition 1.1. Let R be a ring and A be an R-algebra. A family (ai)i∈I of elements
in A is called quasi-generating system of A, if A is integral over R[ai | i ∈ I]; the
ai are called quasi-generators. If there exists a finite quasi-generating system of A,
we say that A is of finite expansion over R.
Remark 1.2. Alternatively we could say an R-algebra A is of finite expansion if
and only if there exists an integral morphism R[x1, . . . , xn] → A. In particular,
the structure morphism decomposes into a morphism of finite presentation and
an integral morphism.
Lemma 1.3. We fix a ring R and an R-algebra A be an R-algebra.
(1) Let B be an A-algebra and assume that A is of finite expansion over R. Then B is of
finite expansion over R if and only if it is of finite expansion over A.
(2) Let f1, . . . , fm ∈ A such that ( f1, . . . , fm)A = A. Then A is of finite expansion over
R if and only if A f i is of finite expansion over R for every i.
(3) Let R′ be another R-algebra and assume that A is of finite expansion over R. Then
R′ ⊗R A is finite expansion over R
′.
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(4) Let R′ be a faithfully flat R-algebra and assume that R′ ⊗ A is of finite expansion
over R′. Then A is of finite expansion over R.
Proof. The “only if” part of the first assertion is obvious. To show the other di-
rection, let a1, . . . , am ∈ A and b1, . . . , bn ∈ B be quasi-generators over R and A,
respectively. Then A[b1, . . . , bn] is integral over R[a1, . . . , am, b1, . . . , bn], thus B is
integral over R[a1, . . . , am, b1, . . . , bn].
The ’only if’ part of the second assertion follows from the first part. Now if
A f i are of finite expansion over R, we choose finite systems of quasi-generators
bi,j = ai,j/ f
Ni,j
i . Denote by B ⊂ A the subalgebra generated by all ai,j and fi. Then
R[{bi,j}j] ⊂ B f i and thus A f i is integral over B f i for all i. Hence A is integral over
B.
The third assertion follows as both properties, being of finite type and being
integral, are preserved under tensor products. Now let R → R′ be faithfully flat
and fix a finite system of quasi-generators mi = ∑ ai,j ⊗ r
′
i,j of R
′ ⊗R A over R
′. Let
B ⊂ A be the subalgebra generated by all ai,j. Since R
′[{mi}i] ⊆ R
′[{1⊗ ai,j}i,j] =
R′ ⊗R B, the ring extension R
′ ⊗R B ⊂ R
′ ⊗R A is integral. Thus A is integral over
B by faithfully flat descent. 
Corollary/Definition 1.4. We call a morphism f : X → Y of schemes locally of finite
expansion if the following equivalent conditions are satisfied.
(a) For every affine open subscheme V ⊂ Y and every affine open subscheme U ⊂
f−1(V), the OY(V)-algebra OX(U) is of finite expansion.
(b) There exists a covering Y =
⋃
Vi by open affine subschemes Vi ∼= SpecRi and a
covering f−1(Vi) =
⋃
Ui,j by open affine subschemes Ui,j ∼= Spec Ai,j such that for
all i, j the Ri-algebra Ai,j is of finite expansion.
We say that a morphism f : X → Y is of finite expansion if it is locally of finite expansion
and quasi-compact.
Corollary 1.5. (1) The properties “locally of finite expansion” and “of finite expansion”
of morphisms of schemes are stable under composition, base change and faithfully flat
descent, and are local on the target. The property “of finite expansion” is also local on
the source.
(2) Let f : X → Y and g : Y → Z be morphisms of schemes. If g ◦ f is locally of finite
expansion (resp. of finite expansion and g is quasi-separated), then f is locally of finite
expansion (resp. of finite expansion).
Amorphism of finite expansion behaves similarly as amorphisms of finite type.
For example, we show below that the closed points of a scheme locally of finite
expansion over a field are very dense and can be identified their residue field.
Lemma 1.6. Let k be a field, let X be a k-scheme locally of finite expansion, and let x ∈ X.
Then the following are equivalent.
(a) The point x ∈ X is closed.
(b) The field extension κ(x)/k is algebraic.
Proof. The implication (b) ⇒ (a) holds for any k-scheme. To see the other direc-
tion, note that Spec κ(x) → Spec k is of finite expansion. We choose a finite type
k-subalgebra A ⊂ κ(x) such that κ(x) is integral over A. The latter property im-
plies that A is a also a field and hence k ⊂ A is finite by Hilbert’s Nullstellensatz.
In particular, κ(x)/k is algebraic. 
Lemma 1.7. Let f : X → Y be a morphism of finite expansion. If Y is Jacobson, so is X.
Proof. Indeed, this can be checked locally, so we may assume that X and Y are
affine. Now the claim follows since the property of being Jacobson is preserved
under integral and finitely presented morphisms. 
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After imposing somemild conditions, we can also decompose a non-affinemor-
phism of finite expansion into an integral morphism and a morphism of finite pre-
sentation. To prove this, we use that every separated morphism of qcqs schemes
can be written as composition of an affine morphism and a morphism of finite
presentation ([Tem11, Thm. 1.1.2]). The latter may even assumed to be proper by
[Tem11, Thm. 1.1.3].
Proposition 1.8. Let f : X → Y be a separated morphism of qcqs schemes.
(1) If f is universally closed then it can be decomposed as f = h ◦ g with g integral and
h proper.
(2) If f is of finite expansion then it can be decomposed as f = h ◦ g with g integral and
h of finite presentation.
Proof. For the first assertion we may consider any decomposition as in [Tem11,
Thm. 1.1.3]. Indeed g is affine by construction and universally closed by the can-
cellation property and hence integral.
To show the second assertion, write f = h ◦ g with g : X → X0 affine and
h : X0 → Y of finite presentation. Wewrite g as limit of affinemorphisms gλ : Xλ →
X0 of finite presentation. We fix a finite affine open covering X0 =
⋃n
i=1 SpecR0,i.
Over SpecR0,i the morphisms g and gλ corresponds to a R0,i-algebras Ri of finite
expansion and Rλ,i of finite presentation, respectively. We fix a finite set Ei ⊂ Ri
of quasi-generators for each i. We have Ri = lim−→
Rλ,i by definition, thus we get
Ei ⊂ Rλ,i for all i if λ is big enough. Replacing X0 be Xλ, we may thus assume that
g is integral. 
Corollary 1.9. Every separated universally closed morphism between qcqs schemes is of
finite expansion
Proof. This is a direct consequence of the first assertion of the previous lemma. 
1.2. Compactification of morphisms. The compactification of morphisms of fi-
nite expansion will proceed in two steps. First we compactify the morphisms
of relative dimension zero, then we use Lemma 1.8 and the compactification of
finitely presentedmorphisms to generalise this construction to arbitrarymorphisms
of finite expansion.
Definition 1.10. Let f : X → Y be a morphism of schemes. We say that f is locally
quasi-profinite if it is locally of finite expansion and its fibres are totally discon-
nected. We call f quasi-profinite if it is quasi-compact and locally quasi-profinite.
There are several equivalent criterions to determine whether a morphism is lo-
cally quasi-profinite.
Lemma 1.11. A morphism f : X → Y be a morphism of finite expansion. The following
are equivalent
(a) f is quasi-profinite.
(b) Every point x ∈ X is a closed in the respective fibre f−1( f (x)).
(c) For every x ∈ X the extension of residue fields κ( f (x))/κ(x) is algebraic.
Proof. The assertion (a) is equivalent to (b) since a scheme is zero-dimensional if
and only if it is totally disconnected (see e.g. [Stack, Tag 04MG]). Now (b) and (c)
are equivalent by Lemma 1.6 
As a consequence, one easily checks that the following permanence properties
hold.
Proposition 1.12. (1) The properties “locally quasi-profinite” and “quasi-profinite” of
morphisms of schemes are stable under composition, base change and faithfully flat
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descent, and local on the target. The property “quasi-profinite” is also local on the
source.
(2) Let f : X → Y and g : Y → Z be morphisms of schemes. If g ◦ f is locally quasi-
profinite (resp. quasi-profinite and g is quasi-separated), then f is locally of quasi-
profinite (resp. of quasi-profinite).
In order to consider the property “quasi-profinite” locally at a point x ∈ X, we
make the following definition.
Definition 1.13. Let X be a topological space. We say that x ∈ X is quasi-isolated
if {x} is a connected component of X.
Lemma 1.14. Let k be a field, let X be a separated k-scheme of finite expansion and let
x ∈ X. We write X = lim
←−
Xλ, where Xλ are of finite presentation over k with finite
transition morphisms (cf. Proposition 1.8). Then the following are equivalent.
(a) x is quasi-isolated.
(b) {x} is an irreducible component of X.
(c) k → OX,x is integral.
(d) The image xλ of x in Xλ is isolated for some λ. In this case xλ′ is isolated for all
λ′ > λ.
Proof. Obviously, the first assertion implies the second assertion. If {x} is an irre-
ducible component, k → κ(x) is integral by Lemma 1.6 and κ(x) = OredX,x since x is
a generic point, proving that k → OX,x is integral.
Now assume that OX,x is integral over k. We denote Uλ = SpecOXλ ,xλ \ {xλ}.
Since {x} = SpecOX,x = lim←−
SpecOXλ,xλ , we get lim←−
Uλ = ∅. By [Stack, Tag 01Z2]
this implies that there exists a λ with Uλ = ∅. Thus SpecOXλ ,xλ = {xλ}, hence xλ
is isolated.
On the other hand assume that xλ is isolated. Then the connected component C
of X containing x is contained in the fibre of over xλ. Since the fibres of X → Xλ
are totally disconnected by lying over, wemust have C = {x}. The same argument
also proves that xλ′ is isolated for all λ
′ > λ. 
Now we can deduce a generalisation of the algebraic version of Zariski’s Main
Theorem. Fix a ring R and an R-algebra A of finite expansion. We denote by
qIsol(A/R) := {q ∈ Spec A | q is quasi-isolated in its fibre over SpecR}.
Moreover, we denote by LocIsom(A/R) the set of prime ideals q ⊂ A such that
there exists s ∈ R with s 6∈ q and Rs = As. In other words, if X = Spec A and Y =
SpecR and f : X → Y is the morphism corresponding to ϕ, then LocIsom(A/R)
is the set of points x ∈ X such that there exists an open neighbourhood V ⊂ Y of
f (x) such that f induces an isomorphism f−1(V)
∼
→ V.
Proposition 1.15. Let A be an R-algebra of finite expansion and R′ the integral closure
of R in A. Then
qIsol(A/R) = LocIsom(A/R′);
in particular qIsol(A/R) is open.
Proof. Since LocIsom(A/R′) ⊆ qIsol(A/R) ⊆ qIsol(A/R′), it suffices to show
qIsol(A/R′) ⊆ LocIsom(A/R′). We write A = lim
−→
Aλ as limit of finite type R
′-
subalgebras with finite transition maps. In particular, we have qIsol(Aλ/R
′) =
LocIsom(Aλ/R
′) by the affine version of Zariski’s main theorem.
Denote by fλ : Spec A → Spec Aλ, gλ : Spec Aλ → SpecR and f : Spec A →
SpecR′ the canonical morphisms. Then we have for every p ∈ qIsol(A/R′) that
fλ(p) ∈ qIsol(Aλ/R
′) = LocIsom(Aλ/R
′) for λ big enough by Lemma 1.14. Fix-
ing such a λ, V := gλ(LocIsom(Aλ/R
′)) is an open neighbourhood of f (p) such
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that g−1λ′ (V) ⊂ LocIsom(A
′
λ/R
′) for every λ′ > λ by Lemma 1.14 (d). Taking the
limit we obtain that f induces an isomorphism f−1(V)
∼
→ V. 
Since the relative normalisation is local on the base, we may globalise the result
as follows.
Proposition 1.16. Let f : X → Y be an affine morphism of finite expansion. Let f ′ : X →
X′ be the normalisation of X relative to Y. Then there exists an open subscheme U′ ⊂ X′
such that
(a) f ′−1(U′) → U′ is an isomorphism and
(b) f ′−1(U′) ⊆ X is the set of points which are quasi-isolated in the fibre of f .
In particular, if f is quasi-profinite then f ′ is an open immersion.
We can now deduce that any separated morphism of finite expansion between
qcqs schemes is compactifiable, in the sense that it can be written as the compo-
sition of an open embedding with a universally closed morphism. Note that the
converse also holds true by Corollary 1.9.
Theorem 1.17. Let f : X → Y be a separated morphism of finite expansion between qcqs
schemes. Then f can be written as composition f = f¯ ◦ j where j : X → X¯ is an open
embedding and f¯ : X¯ → Y is separated and universally closed.
Proof. Write f = g ◦ h with g is of finitely presented and h integral (cf. Proposi-
tion 1.8). We can write g = g¯ ◦ j′ where j′ is an open embedding and g¯ is proper
(see e.g. [Con07, Thm. 4.1]) . Note that we may assume that j′ is affine after blow-
ing up along its complement. We denote h′ = j′ ◦ g, then f = g¯ ◦ h′, where g¯
is proper and h′ is affine and quasi-profinite. By Proposition 1.16 we can write
h′ = h¯ ◦ j, where h¯ is integral and j an open embedding. Setting f¯ = g¯ ◦ h¯, the
claim follows. 
1.3. E´tale cohomology for universally closed morphisms. When working with
e´tale cohomology, wewill mostly assume that we are in the following setup. We fix
a base scheme S and an e´tale ring sheafA on S. For any S-scheme X, we denote by
AX the pull-back ofA to X and by D(X,AX) the derived category of AX-modules.
We denote by Dtors(X,AX) ⊆ D(X,AX) the full subcategory of complexes whose
cohomology group are torsion, or equivalently the derived category of torsionAX-
modules. Often we will directly assume that A is torsion, thus Dtors(X,AX) =
D(X,AX).
Proposition 1.18 (Universally closed base change). Let
X′ X
S′ S
g′
f ′ f
g
be a Cartesian diagram with f separated and universally closed. Let F be an Abelian
torsion sheaf on the e´tale site of X. Then the base change morphism ϕq : g∗Rq f∗F →
(Rq f ′∗)g
′∗F is an isomorphism for every q ≥ 0.
Proof. By the same argument as in [SGA4.3, Exp. XII, Lemme 6.1] it suffices to
consider the case that S = SpecR is the spectrum of a strictly Henselian local
ring and g′ is the embedding of its closed point. In particular, we can write f =
p ◦ f0 with p proper and f0 integral. By a standard application of Leray’s spectral
sequence, it suffices to prove the base change theorem for f0 and p instead of f .
The result for p is the classical base change theorem; thus it suffices to consider the
case that f is integral.
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Altogether, we reduced to the case of an integral morphism f : Spec A→ SpecR
with R strictly Henselian and g : SpecR/m → SpecR is the embedding of a closed
point. Then ϕq can be identified with the canonical morphism
Hq(Spec A,F ) → Hq(Spec A/mA, g′∗F ).
Since A is integral over R, the couple (A,mA) is a Henselian pair. Thus the asser-
tion is proven in [Gab94, Thm. 1]. 
Corollary 1.19. Let k be a separably closed field and let X be a separated, universally
closed scheme over k. Then for any separably closed field extension K/k and any torsion
sheaf F on X we haveHi(XK,F ) = H
i(X,F ) for any i ∈ Z.
Using the language of [SGA4.3, Exp. XVII, § 4], we may reformulate the above
proposition as follows.
Proposition 1.20 (cf. [SGA4.3, Exp. XVII, Thm. 4.3.1]). Let
X′ X
S′ S
g′
f ′ f
g
be a Cartesian diagram with f separated and universally closed. Let A and A ′ be e´tale
ring sheaves on S and S′, respectively, and let L be a complex of torsion (A ′, g∗A )-
bimodules which is bounded from above. We assume that the fibre dimension of f is
bounded. Then the base change morphism of functors from D−(X, f ∗A )→ D−(S′,A ′)
ϕK : L⊗
L Lg∗R f∗K → R f
′
∗( f
′∗L⊗L Lg′∗K)
defined in (4.2.13.2) of [SGA4.3, Exp. XVII] restricts to an isomorphismD−tors(X, f
∗A )→
D−tors(S
′,A ′).
Proof. The proof is identical to the one of [SGA4.3, Exp. XVII, Thm. 4.3.1] after one
replaces the reference to the proper base change theorem with Proposition 1.18.

As in the case of proper morphisms, we obtain an upper bound on the cohomo-
logical dimension of R f∗ for f universally closed.
Lemma 1.21. Let f : X → S be a separated universally closed morphism of qcqs schemes
such that all fibres of f have at most dimension d. Then R f∗ is of cohomological dimension
≤ 2d.
Proof. Using Proposition 1.8 and Leray’s spectral sequence, it suffices to consider
the two cases where f is proper andwhere f is integral. Both cases are well known
(see for example [Stack, Tags 095U, 04C2]). 
2. GROTHENDIECK’S SIX OPERATIONS
The arguments in the construction of R f! and R f
! for a separated morphism
of finite expansion f : X → Y are mostly identical to Deligne’s construction in
[SGA4.3] for finite type morphisms, where the assertions in section 1.3 substitute
their finite type analogues. For the reader’s convenience (and in order to convince
him that we can indeed generalise the construction), we will nevertheless repeat
some of the arguments of [SGA4.3] rather than simply refer to them.
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2.1. Higher direct images with compact support. We fix a base scheme S and an
e´tale torsion ring sheaf A on S. Denote by (S) the subcategory of the category
of qcqs S-schemes whose objects are the same and whose morphisms are the sep-
arated morphisms of finite expansion. Similarly, let (S, p) and (S, i) denote the
subcategory of qcqs S-schemes with separated universally closed S-morphisms
and open S-embeddings, respectively.
Assume f : X → Y is a morphism in either (S, p) or (S, i). In these cases we
define the push-forward with compact support R f! : D(X,AX) → D(Y,AY) as
follows. If f is a morphism in (S, p), we define R f! := R f∗; if f is in (S, i), we
define R f! = f! as the extension by zero. We would like to extend these definition
all morphisms in (S) by composition.
In order to prove that R f! is well-defined for a general morphism f of finite
expansion, we consider a commutative diagram in (S)
(2.1)
U X
V Y
j′
p′ p
j
where the horizontal morphisms are in (S, i) and the vertical morphisms are in
(S, p). Following [SGA4.3, Exp. XVII, 5.1.5], we construct a natural comparison
morphism d : j!Rp
′
∗K → Rp∗ j
′
!K. Since j! is left adjoint to j
∗, constructing d is the
same as giving a morphism d′ : Rp′∗K → j
∗Rp∗ j
′
!K. We extend the above diagram
by X0 := X×Y V to
U X0 X
V V Y.
k
p′ p0
j0
p
j
We get j∗Rp∗ j
′
!K
∼= Rp0∗ j
∗
0 j
′
!K
∼= Rp0∗k!K. Since k is an open and closed immersion,
we have k∗ = k! and thus we obtain Rp0∗k!K = Rp0∗k∗K ∼= Rp
′
∗K. Now we define
d′ as the inverse of this chain of isomorphisms and thus obtain d.
Lemma 2.2 (cf. [SGA4.3, Exp. XVII, Lemme 5.1.6]). The morphism d is an isomor-
phism.
Proof. It remains to show that the restriction of d to Z := Y \V is an isomorphism.
Since j!Rp
′
∗K|Z
= 0, this assertion is equivalent to Rp∗ j′!K|Z
= 0. For this we apply
Proposition 1.20 to the Cartesian square
X′′ X
Z Y
i′
p′′ p
i
for A ′ = i∗A and L = A ′[0]. We obtain i∗Rp∗ j′!K
∼= Rp′′∗ i
′∗ j′!K = 0, proving the
lemma. 
We can now apply the theory developed in [SGA4.3, Exp. XVII, § 3] to obtain a
well-defined functor R f! : D(X,AX) → D(Y,AY) for every morphism f : X → Y
in (S). More precisely, the following holds.
Theorem 2.3 (cf. [SGA4.3, Exp. XVII, Thm. 5.1.8]). One can assign to every morphism
f in the category (S) a functor
R f! : D(X,AX) → D(Y,AY)
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and to every composition f = g ◦ h an isomorphism cg,h : R f! → Rg! ◦ Rh! in an essen-
tially unique way such that the following conditions are satisfied.
(i) The assignment ( f , g) 7→ c f ,g satisfies the cocycle condition
(c f ,g ∗ Rh!) ◦ c f g,h = (R f! ∗ cg,h) ◦ c f ,gh.
(ii) If f is a universally closed morphism (or an open immersion, respectively) R f! coin-
cides with the definition above.
(iii) For every diagram (2.1), the morphism d equals cp,j′ ◦ c
−1
j,p′
Moreover, the functors R f! are triangulated and for every n ∈ Z there exists an m ∈ Z
such that if K ∈ D(X,AX) withH
i(K) = 0 for every i < n thenHj(R f!K) = 0 for every
j < m. In particular R f! restricts to a functor D
+(X,AX) → D
+(Y,AY).
Proof. This is an application of [SGA4.3, Exp. XVII, Prop. 3.3.2] with the following
data:
• F(X) := D(X,AX).
• For any morphism f in (S, p) (and (S, i), respectively) f∗ := R f!, as defined
above.
• The transitivity isomorphisms formorphisms in (S, p) (and (S, i), respectively)
are the usual ones.
• For every commutative diagram (2.1), we define the isomorphism d as above.

Remark 2.4. The construction of d and the proof of Lemma 2.2 does not need that
A is torsion, as long as all functors are defined and the cohomology groups of K
are torsion. Thus we could also set F(X) := D+tors(X,ZX) in the proof of above
theorem to obtain a family of functors
R f! : D
+
tors(X,ZX) → D
+
tors(Y,ZY)
Note that for any S-morphism X → Y (higher) direct images and extension by
zero commute with the forgetful functor D(X,AX) → D(X,ZX) and D(Y,AY) →
D(Y,ZY) , respectively; thus the uniqueness of R f! tells us that the diagram
D+(X,AX) D
+
tors(X,ZX)
D+(Y,AY) D
+
tors(X,ZY)
R f ! R f !
commutes. In other words, the construction of R f! is independent of A .
Definition 2.5. Let f : X → Y a morphism in (S). We call the functor R f! as con-
structed above the higher direct image with proper support of f . We define the
q-th direct image with proper support Rq f! as the composition of R f! with the q-th
cohomology functor. In the special case where Y = Spec k for a separably closed
field k, we may also write H
q
c(X,−) := R
q f! and call it the q-th cohomology group
with compact support.
As a direct corollary of Lemma 1.21, we obtain the finiteness of the cohomolog-
ical dimension of R f!.
Lemma 2.6. Let f : X → Y be a morphism in (S) of relative dimension ≤ d. Then R f! is
of cohomological dimension≤ 2d. In particular, if X is of finite expansion over a separably
closed field k, thenHic(X,F ) = 0 for any e´tale torsion sheaf F and i > 2 dimX.
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2.2. Base change. In order to study the behavious of R f! with respect to base
change, let g : S → S′ be a morphism of qcqs schemes and let A and A ′ be e´tale
torsion ring sheaves on S and S′, respectively. We fix a morphism of finite expan-
sion f : X → S; we choose a decomposition f = p ◦ j with j : X →֒ X¯ an open
immersion and p : X¯ → S separated universally closed. Now fix a morphism
g : S′ → S and denote by X′, X¯′, f ′, g′, g¯, j′, p′ the respective pullbacks, i.e. we have
a commutative diagram
X′ X
X¯′ X¯
S′ S
g′
j′
f ′
j
f
p′
g¯
p
g
where all rectangles are Cartesian. The base change morphism will be defined
as an isomorphism of the functors D−(X,AX) → D
−(S′,A ′),K 7→ L ⊗L g∗R f!K
and K 7→ R f!( f
′∗L⊗L g′∗K), where L is a bounded above complex of (A ′, f ∗A )-
bimodules over S′. For this we first we consider the baby case where f = j
and p = id. The composite of the canonical isomorphisms g′∗ j′!
∼
→ j!g
∗ and
L⊗Lg∗A j
′
!(−)
∼
→ j′!(j
′∗L⊗Lf ∗A (−)) (for details see [SGA4.3, Exp. XVII 5.2.1]) yields
a natural isomorphism
(2.7) L⊗Lg∗A g
∗ j!K
∼
→ j′!(j
′∗L⊗Lf ∗A g
′∗K).
In the general case define the base change isomorphism as the composite
(2.8) L⊗L g∗Rp∗ j!K
∼
−−−−−→
Prop. 1.20
Rp′∗(p
′∗L⊗L g¯∗ j!K)
∼
−−→
(2.7)
Rp′∗ j
′
!( f
′∗L⊗L g¯∗K).
Following the argumentation in [SGA4.3, Exp. XVII § 5.2], we obtain the following
compatibility results.
Lemma 2.9. In the above setting, the following assertions hold.
(1) The isomorphism (2.8) does not depend on the choice of j and p.
(2) If f = u ◦ v where u : Y → S and v : X → Y are of finite expansion, the base change
morphisms with respect to u, v and f fit inside a commutative diagram
L⊗L g∗R f!K R f!( f
′∗L⊗L g′′∗K)
L⊗L g∗Ru!Rv!K Ru
′
!(u
′∗L⊗L g′∗Rv!K) Ru
′
!Rv
′
!(v
′∗u′∗L⊗L g′′∗K)
∼
∼ ∼
(3) Assume we havemorphisms of ringed schemes (S′′,A ′′)
r
−→ g2(S
′,A ′)
r
−→ g1(S,A )
and f : X → S is a morphism of finite expansion. We consider the Cartesian diagram
X′′ X′ X
S′′ S′ S.
g′2
f ′
g′1
f ′ f
g2 g1
Then the base change morphisms with respect to g1, g2 and g = g1 ◦ g2 fit inside a
commutative diagram
Lg∗R f! R f
′′
∗ g
′∗
Lg∗2Lg
∗
1R f! Lg
∗
2R f
′
! Lg
′∗
1 R f
′′
! Lg
′∗.
∼
∼
∼ ∼
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Proof. The proof is analogous to the proofs of [SGA4.3, Exp. XVII Lemme 5.2.3-5],
which are purely formal consequences of the constructions above. 
We may reformulate the above result as follows.
Proposition 2.10. There is a natural isomorphism L⊗L g∗R f!K
∼
→ R f!( f
′∗L⊗L g′∗K)
of functors D−(X,AX) → D
−(S′,A ′) which is compatible with composition.
Corollary 2.11 (Projection formula). Let S be qcqs and f : X → S be a morphism of
finite expansion. For K ∈ D−(X,AX) and L ∈ D
−(S,A ) there exists natural isomor-
phism R f!K⊗A L ∼= R f!( f
∗K⊗ L)
Proof. This is the special case Y = S and g = idS. 
Corollary 2.12 (Base change formula). Let
X′ X
S′ S
f ′
g′
f
g
be a Cartesian square as above. Then there exists a canonical isomorphism g∗R f!K
∼
→
R f ′! g
′∗K.
Proof. We apply the above proposition to L = AS′ . 
Corollary 2.13. Let S be qcqs and f : X → S be of finite expansion. For any geometric
point y¯ of Y and q ∈ N0 there exists a canonical isomorphism (R
q f!F )y¯ ∼= H
q
c(Xy¯,Fy¯).
Proof. We apply the above proposition to S′ = y¯. 
Corollary 2.14. Let X be a scheme of finite expansion over an separably closed field k and
F be an e´tale torsion sheaf on X. Then for any separably closed field extension k ⊂ K and
any q ∈ N0, there is a natural isomorphismH
q
c(X,F ) ∼= H
q
c(XK,F ).
Now let f : X → S, g : Y → S be morphisms of finite expansion of qcqs schemes
and denote by h : P = X×S Y → S their fibre product over S. With p : P → X and
q : P → Y the canonical projection, we denote for K ∈ D−(X,AX), L ∈ D
−(Y,AY)
K⊠L
AP
L := p∗K⊗L
A
q∗L.
As a consequence of the base change isomorphism we obtain the Ku¨nneth for-
mula.
Proposition 2.15 (Ku¨nneth formula). In the situation above there exists a natural iso-
morphism
R f!K⊗
L
A
Rg!L
∼
→ Rh!(K⊠
L
AP
L)
Proof. Applying the base change formula twice, we obtain
R f!K⊗
L
A
Rg!L
∼
→ R f!(K⊗
L
AX
f ∗Rg!L)
∼
→ R f!Rp!(p
∗K⊗L q∗L).
Since Rh! = R f! ◦ Rp!, the right hand side equals Rh!(K⊠
L
AP
L). 
Remark 2.16. Alternatively, we can also construct the isomorphism of the Ku¨nneth
formula following [SGA4.3, XVII § 5.4]. More precisely, the general site-theoretic
construction in [SGA4.3, XVII 5.4.1] yields a morphism
Rp∗(j!K)⊗
L
A
Rq∗(k!L) → Rr∗(j!K⊠
L
AP¯
k!L)
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where f = p ◦ j, g = q ◦ k and h = r ◦ k are decomposions into a separated uni-
versally closed morphism and an open embedding. Moreover, by applying (2.7)
twice, we obtain an isomorphism
j!K⊠
L
AP¯
k!L
∼
→ l!(K⊠
L
AP
L).
Their composition yield a morphism R f!K ⊗
L
A
Rg!L → Rh!(K ⊠
L
AP
L), which is
precisely the Ku¨nneth isomorphism by [SGA4.3, XVII Lemme 5.4.3.5]. Note that
the proof of the latter result is purely site-theoretic - first one uses (2.7) to reduce
to the case that f and g are proper (or separated universally closed, respectively),
so that one can replace all direct images with proper support are simply direct
images. Now the claim follows formally from the construction in [SGA4.3, XVII
5.4.1].
By a similar argument as in the remark above, we may use [SGA4.3, XVII
Lemme 5.4.3.2] to deduce the following slightly more general version.
Corollary 2.17. Let X0 and Y0 be qcqs S-schemes and f : X → X0, g : Y → Y0 be
S-morphisms of finite expansion and K ∈ D−(X,AX), L ∈ D
−(Y,AY). We denote
h = ( f , g) : X ×S Y → X0 ×S Y0. Then there exists a natural morphism
R f!K⊠
L Rg!L
∼
→ Rh!(K⊠
L L).
2.3. Exceptional inverse image. The construction of R f ! is completely analogous
to the finite type case in [SGA4.3, Exp. XVIII, § 3], so we merely give a short sketch
of the arguments and refer the reader to corresponding parts of [SGA4.3].
Let f : X → S be a morphism of finite expansion of qcqs schemes. For a torsion
sheaf F we denote by C∗
ℓ
(F ) the canonical modified flasque resolution of F as
defined in [SGA4.3, XVIII 3.1.2]. In particular, C∗
ℓ
is functorial in F , commutes
with localisation and inductive limits; and the functors Cn
ℓ
are exact.
Our aim is to construct a partial right adjoint R f ! : D+(S,A ) → D+(X,AX)
of R f!. As usual, we cannot use the adjoint functor theorem directly, since D
+(·)
is not cocomplete. To construct R f !, we fix an integer d such that f is of relative
dimension< d and a decomposition f = p ◦ j, with p separated universally closed
and j an open immersion. LetF be an torsion AX-module andF
i the components
of τ≤2dC
∗
ℓ
j!F where τ≤2d denotes the (canonical) truncation functor. Then
(2.18) Rkp∗F
i = 0
for i > 0 since for i 6= 2d the sheaf Fi is flasque and for i = 2d the claim follows
from Lemma 2.6. We define the functor f •! from the category of AX-modules to
complexes of A -modules by
f •! (F ) = p∗τ≤2d(C
∗
ℓ
j!F )
Analogous to [SGA4.3, XVII Lemme 3.1.4.8], we see that this functor has the fol-
lowing properties. Its cohomology groups are supported in the interval [0, 2d], and
the functors f i! are exact and commute with filtered colimits. In particular the right
derived functor R f •! : D(X,AX) → D(S,AS) exists. Moreover, for any complex K
of AX-sheaves the composition
R f •! K = Tot p∗τ≤2dC
∗
ℓ
j!K → p∗C
∗
ℓ
j!K = Rp∗ j!K = R f!K
is an isomorphism by (2.18) and the usual spectral sequence for double complexes;
thus we obtain an isomorphism R f •!
∼
→ R f!.
By the adjoint functor theorem, the functors f i! have a right adjoint f
!
i . Since f
i
!
is exact, f !i maps injectives to injectives. By the construction [SGA4.3, XVII 1.1.12]
they form a complex of functors f !• : A −mod→ K
b(AX−mod). Its right derived
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functor R f ! : D+(S,A ) → D+(X,AX) is the right adjoint of R f!, which can be
checked on complexes of injective objects (cf. [SGA4.3, XVIII 3.1.4.12]).
Definition 2.19. The functor R f ! is called the exceptional inverse image.
Proposition 2.20 (cf. [SGA4.3, XVIII Prop. 3.1.7]). Let f : X → S be a morphism of
finite expansion of qcqs schemes. Let d be a non-negative integer such that f is of relative
dimension ≤ d. Then
(1) If L ∈ D+(X,AX) satisfiesH
i(L) = 0 for i ≤ k thenHi(R f !L) = 0 for i ≤ k− 2d.
(2) For every L ∈ D+(X,AX) one has diminj R f
!L ≤ diminj L.
Proof. The proof is the same as in the finite type case, as it follows formally from
the fact that f !• is supported on [−2d, 0] and that f
!
i transforms injectives into injec-
tives. 
Remark 2.21. It is a classical result that f ! = f ∗ when f is e´tale. Note that this no
longer holds true for weakly e´tale morphisms of finite expansion, as in general f!
is not left-adjoint to f ∗.
The exceptional inverse image satisfies the usual compatibility with the other
five operations. The construction of the isomorphisms is again identical to the
finite type case. As above, we recall the construction for the reader’s convenience;
but refer the reader to [SGA4.3] for proofs.
First, we briefly recall the construction of the adjunction morphism
R f∗RHom(K, R f
!L)
∼
→ RHom(R f!K, L)
for K ∈ D−(X,A ), L ∈ D+(X,A ) as presented in [SGA4.3, XVIII 3.1.9]. First, we
represent L by a bounded below complex of injective sheaves (also denoted L).
Note that
(2.22) R f∗RHom(K, L) ∼= R f∗Hom(K, L) ∼= f∗Hom(K, L)
where the latter isomorphism holds as Hom(K, L) is a complex of flasque sheaves.
Let f = p ◦ j as above and ι : V → S be an e´tale morphism. By functoriality of fV,!,
we obtain a canonical morphism
f∗Hom
•(K, L)(V) = Hom•(K, L)(XV) = Hom
•(ι∗XK, ι
∗
XL)
→ Hom•( fV !ι
∗
XK, fV !ι
∗
XL) = Hom
•( f •! K, f
•
! L)(V)
and thus a morphism of functors f∗Hom
•(K, L) → Hom•( f •! K, f
•
! L). By (2.22)
this induces the morphism R f∗RHom(K, L) → RHom(R f!K, R f!L), which after
replacing L by R f !L and composing with the adjunction R f!R f
!L → L becomes
the wanted morphism
(2.23) R f∗RHom(K, R f
!L) → RHom(R f!K, R f!R f
!L) → RHom(R f!K, L)
Proposition 2.24 (cf. [SGA4.3, XVIII Prop. 3.1.10]). The morphism (2.23) is an iso-
morphism.
Proof. The proof for the finite type case is purely formal and thus still works in our
case. 
Next, let f = p ◦ j be a compactification of f and g : S′ → S another morphism.
We consider the diagram
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X′ X
X¯′ X¯
S′ S
g′
f ′
j′ j
g¯
p′ p
g
with Cartesian squares. Let B be another torsion sheaf of S′ and M a complex
of (AS′ ,B)-bimodules which is bounded above. Let K be any complex of AX-
modules. Following [SGA4.3, XVIII 3.1.11], we consider the base change mor-
phism
M⊗AS′ g
∗ f •! K = M⊗AS′ g
∗p∗τ≤2dC
∗
l j!K
∼
−−−−−→
Prop. 1.20
p′∗(p
′∗M⊗AS′ τ≤2dC
∗
l g¯
∗ j!K)
→ p′∗(τ≤2dC
∗
l p
′∗M⊗AS′ τ≤2dC
∗
l g¯
∗ j!K)
= p′∗τ≤2dC
∗
l (p
′∗M⊗AS′ g¯
∗ j!K)
∼
−−→
(2.7)
p′∗τ≤2dC
∗
l (j
′
!(j
′
∗p
′
∗M⊗AS′ g
′∗K))
= f •! ( f
′∗M⊗AS′ g
′∗K),
as morphisms of functors evaluated at K. Thus we obtain a morphism of their
respective right adjoints, which evaluated at a complex of B-modules L yields
g′∗HomB( f
′∗, f ′!• L) → f
!
•g∗HomB(M, L).
Taking the derived functor at both sides, we obtain a natural morphism for L ∈
D+(S′,B)
(2.25) Rg′∗RHomB( f
′∗M, R f ′!L) → R f !Rg∗RHomB(M, L).
Proposition 2.26 (cf. [SGA4.3, XVIII Prop. 3.1.12]). The morphism (2.25) is an iso-
morphism
Proof. The proof is the same as in the finite type case, as it follows from a diagram
chase using only the base change theorem as input. 
We obtain two classical compatibilities of the above isomorphism. If S = S′ and
B = A , we obtain
RHom( f ∗K, R f !L)
∼
→ R f !RHom(K, L).
For general S′ and B = AX = M, the above isomorphism becomes
Rg′∗R f
′!L
∼
→ R f !Rg∗L.
3. COMPARISON RESULTS FOR THE E´TALE COHOMOLOGY
3.1. Comparison with ad-hoc constructions. Let f : X → Spec k be a separated
morphism of finite expansion where k is an separably closed field. We extend
the definition of compactly supported cohomology on X given in the previous
section to l-adic sheaves following Jannsen’s construction in [Jan88]. Denote by
(ZX-mod)
N the category of projective systems (Fk)k∈N of Abelian e´tale sheaves
on X. Note that (ZX-mod)
N contains the category of l-adic sheaves. By [Jan88, § 1]
the functor f∗ : (ZX-mod)
N → (Ab), (Fk)k∈N 7→ lim←−
Γ(X,Fk) has a right derived
functor R f∗. We fix a factorisation f = p ◦ j where j is an open embedding an p a
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separated universally closed morphism. For any l-adic sheaf F = (Fk)k∈N on X
we define
RΓc(F ) := Rp∗(j!F ).
Note that this construction does not depend on the choice of p and j as a conse-
quence of the base change theorem for universally closed morphisms.
Definition 3.1. Let l be a prime and F an l-adic sheaf on X. Then we define
H
q
c(X,F ) := R
qΓc(F )
We choose a presentation X = lim
←−
Xλ as the limit of finite type schemes with
finite transition morphisms fλ,λ′ and assume that F is a torsion sheaf or l-adic
sheaf on the e´tale site of X which is the pullback of a sheaf Fλ0 on the e´tale site of
Xλ0 . In this case one usually uses the ad hoc definition
H
q
c (X,F ) := lim−→
H
q
c(Xλ, f
∗
λ,0F ).
If F is a torsion sheaf, this definition is compatible with our general definition
given in the previous section by the proposition below. If F is l-adic, our defini-
tion above yields Emerton’s compactly supported completed cohomology groups
H˜
q
c (X,F ) := lim←−
lim
−→
H
q
c(Xλ, f
∗
λ,0F ⊗Z/l
k
Z),
see for example [CE12] for further discussions of its properties.
Proposition 3.2.
(1) If F is a torsion sheaf, there exists a natural isomorphismH
q
c(X,F )
∼
→ H
q
c (X,F ).
(2) If F is an l-adic sheaf, there exists a natural isomorphismH
q
c(X,F )
∼
→ H˜
q
c (X,F ).
Proof. First assume that F is a torsion sheaf. We denote by fλ0 : X → Xλ0 the
canonical projection. Then the canonical morphism lim
−→
R fλ,λ0 ∗ f
∗
λ,λ0
Fλ0 → R fλ0 ∗F
is an isomorphism by [SGA4.2, VII, Cor. 5.11] and hence we get
RΓc(X,F ) = RΓc(X, R fλ0,∗F )
∼= lim−→
RΓc(Xλ0 , R fλ,λ0 ∗ f
∗
λ,λ0
Fλ0) = lim−→
RΓc(Xλ, f
∗
λ,λ0
Fλ0)).
This yields on cohomology groups the wanted natural isomorphism H
q
c(X,F ) ∼=
H
q
c (X,F ).
If F = (Fn)n∈N is an l-adic sheaf, we have
H
q
c(X,Fn+m)⊗Z/l
n
Z ∼= lim−→
(H
q
c(Xλ, f
∗
λ,λ0
Fλ0,n+m)⊗Z/l
n
Z)
∼= lim−→
H
q
c(Xλ, f
∗
λ,λ0
Fλ0,n)
∼= H
q
c(X,Fλ)
In particular the compactly supported cohomology groups of F form a Mittag-
Leffler system and thus H
q
c(X,F ) ∼= lim←−
H
q
c(X,Fn) by [Jan88, Prop. 1.6]. Thus the
second assertion follows from the first part of the proposition. 
Remark 3.3. We also gave an ad-hoc definition of the functor R f! for torsion sheaves
in [HK17, Appendix B]. While it covers all morphisms of finite expansion, we only
proved compatibility results for some special cases.
3.2. Comparisonwith sheaf cohomology on the analytification. LetX be a scheme
over C. Then its analytification Xan is defined to be the topological space
1with un-
derlying set X(C) and the coarsest topology such that for every open subscheme
U ⊂ X and f ∈ OX(U) the subset U(C) ⊂ X(C) is open and the induced map
fan : U(C)→ A1(C) = C is continuous for the analytic topology on C. In the case
that X is affine the topology coincides with the initial topology with respect to
{ fan : X(C) → C | f ∈ OX(X)}. Indeed, any principal open set D( f ) ⊂ X is open
1Note that, despite the notation, Xan is in general not an analytic space unless X is of finite type
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in the initial topology as D( f ) = f−1(C \ {0}) and any section gf ∈ OX(D( f )) is
continuous as it is the quotient of two continuous functions. One deduces that if X
is of finite type, the topology on Xan coincides with the usual definition of analytic
topology since the latter is defined on an open affine cover as the initial topology
with respect to the coordinate functions.
One easily checks by reducing to the affine case that for every morphism of C-
schemes φ : X → Y the induced morphism φan : Xan → Yan is continuous. Thus
the analytification defines a functor (−)an from the category of C-schemes to the
category of topological spaces. It satisfies the following exactness properties.
Lemma 3.4. (−)an commutes with fibre products and limits of filtered projective systems
having affine transition maps.
Proof. In order to show the first assertion, let f : X → S, g : Y → S be mor-
phisms of C-schemes. By the universal property of the fibre products, we have
(X ×S Y)(C) = X(C) ×S(C) Y(C) as sets. The canonical bijection (X ×S Y)an →
Xan ×San Yan is induced by the continuous maps fan and gan and is thus con-
tinuous itself. Hence it remains to show that the topology on Xan ×San Yan is
finer than the topology on (X ×S Y)an, which may be checked after passing to
an affine cover. Thus we assume that X,Y and S are affine. Then we have to
show that for any global section ∑( fi ⊗ gi) ∈ OX×SY(X ×S Y) the associated map
Xan ×San Yan → C, (x, y) 7→ ∑ fi(x)gi(y) is continuous. But this is true as it is an
arithmetic expression of continuous functions.
The second assertion is proven analogously to the first. Let X = lim
←−
Xλ be a
limit of a projective system of C-schemes with affine transition maps. By the uni-
versal properties of limits, we have that X(C) = lim
←−
Xλ(C) and that the canonical
bijection Xan → lim←−
Xλ,an is continuous. Thus it remains to show that the topology
on lim
←−
Xλ,an is finer than the topology on Xan, which may be proven under the as-
sumption that all Xλ (and thus X) are affine. Since OX(X) = lim−→
OXλ(Xλ) for any
f ∈ OX(X) the induced function Xan → C factorizes as
Xan
can.
−−→ Xλ,an
fλ,an
−−→ C,
where fλ ∈ OXλ(Xλ) and thus is continuous, finishing the proof.

Remark 3.5. The above construction also holds when one replacesC by an arbitrary
topological field k.
We fix a separated scheme X of finite expansion over C. We denote by Xe´t the
(small) e´tale site over X and by Top(Xan) the site of local isomorphisms over Xan.
Proposition/Definition 3.6. The analytification induces a morphism νX : Top(Xan) →
Xe´t of sites, such that for any morphism of C-schemes f : X → S of finite expansion the
diagram
Top(Xan) Xe´t
Top(San) Se´t
νX
fan f
νS
commutes.
Proof. The main point is to show that the analytification of an e´tale morphism
g : U → X is a local isomorphism. Since being e´tale is compatible with limits, g
is the base change of an e´tale morphism g0 : X0 → Y0 of separated C-schemes of
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finite type. Since (−)an commmutes with fibre products, the gan is a local isomor-
phism as g0,an is a local isomorphism (see e.g. [SGA4.3, Exp. XI, 4.0]).
In other words, analytification is a continuous functor and hence νX,∗ and ν
∗
X are
defined. The commutativity of above diagram (as diagram of continuous functors)
is easily checked. It remains to show that ν∗X is exact. Since exactness can be
checked on stalks, it suffices to show that for any x ∈ X(C) and sheaf F on Xe´t,
we have (ν∗XF )x = Fx . By the commutativity of the above diagram this claim is
reduced to the case X = SpecC, where it is trivial. 
In order to compare compactly supported cohomology, we need the following
lemma.
Lemma 3.7. Let f : X → S be a universally closed morphism of separated C-schemes of
finite expansion. Then fan is proper.
Proof. This is known to be true if f is proper. Since we can write f as limit of
proper morphisms by Temkin’s decomposition of universally closed morphisms
(Proposiion 1.8), the claim follows. 
Given a diagram as in Proposition 3.6we obtain an exchangemorphism of func-
tors on K ∈ D+tors(X,ZX)
(3.8) ν∗SR f∗ → R fan,∗ν
∗
X
If X and S are of separated finite type complex schemes and f is proper, Artin’s
comparison theorem states that (3.8) is an isomorphism. As a consequence, one
obtains an isomorphism
(3.9) ν∗SR f! → R fan,!ν
∗
X.
whenever f is an morphism of finite type schemes over C. The result can be gen-
eralised to schemes of finite expansion.
Theorem 3.10. Let f : X → S be a universally closed morphism of separated C-schemes
of finite expansion. Then (3.8) is an isomorphism.
Proof. Since R f∗ commutes with filtered colimits it suffices to check that (3.8) is an
isomorphism for bounded complexes of constructible sheaves K ∈ Dbtors,c(X,ZX).
We first assume that f is a proper morphism. Then both f and K are defined
over finite type complex schemes, i.e. there exists a commutative cube
Xan X
San S
X′an X
′
S′an S
′,
gan
fan
g
f
g′an
f ′an
f ′
g′
where the squares on the left and right side are Cartesian andmoreover there exists
a K′ ∈ Dbtors,c(X
′,ZX′) such that K = g
∗K′. We denote h := g ◦ νX and h
′ := g′ ◦ νS.
The exchange morphisms give rise to a commutative diagram
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ν∗Sg
′∗R f ′∗ ν
∗
SR f∗g
∗ R fan,∗ν
∗
Xg
∗
h′∗R f ′∗ R fan,∗h
∗
g∗anν
∗
SR f
′
∗ g
∗
anR fan,∗ν
∗
X R fan,∗g
∗
anν
∗
X.
∼
∼ ∼
Here the bottom left morphism is an isomorphism by Artin’s comparison theorem
for complex varieties, the bottom right morphism is an isomorphism by the proper
base change theorem in topology and the top left morphism is an isomorphism by
proper base change theorem in algebraic geometry. Thus the top right morphism
is also an isomorphism, which we wanted to show.
Now consider the general case that f is separated universally closed. We write
X = lim
←−
Xλ as limit of proper S-schemes and denote by fλ : Xλ → S and gλ : X →
Xλ the obviousmorphisms. We choose λ0 such that there exists aK
′ ∈ D+tors,c(Xλ0 ,ZXλ0
)
such that K = g∗λ0K. Now the exchange morphisms give rise to a commutative di-
agram
ν∗SR fan,∗ ν
∗
XR fan,∗ν
∗
X
ν∗SRgλ0,∗R fλ0,∗ Rgλ0,an,∗ν
∗
Xλ0
R fλ0,∗ Rgλ0,an,∗R fλ0 ,an,∗ν
∗
X.
Here the bottom left morphism is an isomorphism by our considerations above.
Thus we assume S = Xλ0 from now on. We obtain a commutative diagram of
functors
lim
−→
ν∗SR fλ,∗ f
∗
λ = ν
∗
S lim−→
R fλ,∗ f
∗
λ ν
∗
SR f∗ f
∗
lim
−→
R fλ,an,∗ν
∗
Xλ
f ∗λ = lim−→
R fλ,an,∗ f
∗
λ,anν
∗
Xλ
R fan,∗ f
∗
anνS,∗
The horizontal morphisms are isomorphisms by [SGA4.2, Exp. VI, Prop. 8.5.3] and
the morphism on the left is the exchange morphism (3.8) for fλ, which we have
shown to be an isomorphism above. Thus themorphism on the right, the exchange
morphism for f , must also be an isomorphism. 
Corollary 3.11. Let f : X → S be a morphism of separated complex schemes of finite
expansion. Then we obtain a natural isomorphism ν∗SR f! → R fan,!ν
∗
X, in particular we
have H
q
c(Xan, ν
∗
XF )
∼= H
q
c(X,F ) for every q ∈ N0 and every torsion sheaf F on the
e´tale site of X.
Proof. We choose f = f¯ ◦ j, where j : X →֒ X¯ is an open embedding and f¯ : X¯ → S
universally closed. One easily checks that jan,! ◦ νX ∼= νX¯ ◦ j! and thus
ν∗SR f! = ν
∗
SR f¯∗ j!
∼= R f¯an,∗ν
∗
X¯ j!
∼= R f¯an,∗ jan,!ν
∗
X = R fan,!ν
∗
X.

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